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A B S T R A C T  

A proposed a r t i f i c i a l  g r a v i t y  experiment f o r  t h e  
second AAP Workshop would be performed by sp inning  t h e  v e h i c l e  
2r.d u s i n g  t h e  r e s u l t i n g  c e n t r i f u g a l  forces  t o  s imula t e  
g r a v i t a t i o n a l  f o r c e s .  I f ,  a s  i n  t h e  f i r s t  Workshop, power i s  
ob ta ined  from solar  a r r a y s ,  then  t h e  v e h i c l e  must be r o t a t e d  
about  an a x i s  normal t o  t h e  a r r a y s ,  and t h i s  a x i s  must be 
a l i g n e d  wi th  t h e  solar  vec to r .  

The Euler  equat ions  of motion governing r i g i d  body 
r o t a t i o n  are used t o  s tudy  t h e  dynamic behavior  of a Workshop 
nf t he  s a m e  conf igu ra t ion  as t h e  f i r s t  Wcrksh~p.  I n  t he  
absence of e x t e r n a l  t o rques ,  t h e  r e s u l t s  show t h a t  t h e  s o l a r  
a r r a y s  cannot  be kep t  po in ted  a t  t h e  sun and t h a t  t h e  dynamic 
behavior  i s  g e n e r a l l y  unacceptable.  The ATM c o n t r o l  moment 
gyros  are c l e a r l y  inadequate  f o r  c o n t r o l  of t h i s  conf igu ra t ion .  
Various o t h e r  conf igu ra t ions  are s t u d i e d  and eva lua ted .  Con- 
f i g u r a t i o n s  t h a t  show promise of good dynamic behavior  i nc lude  
b a l l a s t  on deployable  booms 40 t o  1 0 0  f e e t  i n  l eng th .  

The primary conclusion i s  t h a t  some modi f i ca t ion  of  
t h e  Workshop conf igu ra t ion  i s  r equ i r ed  t o  provide accep tab le  
r o t a t i o n a l  dynamics f o r  t h e  a r t i f i c i a l  g r a v i t y  mode. 
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SUBJECT: Inf luence  of Vehic le  Dynamics on t h e  DATE: Apr i l  1 7 ,  1 9 7 0  
A r t i f i c i a l  Gravi ty  Experiment on t h e  
Second Sa turn  Workshop - Case 6 2 0  FROM: L. E .  Voelker 

TM-70-1022-5 

TECHNICAL MEMORANDUM 

1 . 0  INTRODUCTION 

A n  a r t i f i c i a l  g r a v i t y  experiment has  been proposed 
f o r  t h e  second Saturn Workshop; it would be conducted dur ing  
p o r t i o n s  of one o r  more of t h e  CSM missions.  Ar t i f i c i a l  
g r a v i t y  would be obta ined  by spinning t h e  v e h i c l e  about i t s  
c e n t e r  of m a s s .  I f  t h e  source of power dur ing  t h e  a r t i f i c i a l  
g r a v i t y  experiment i s  t o  be s o l a r  a r r a y s ,  and i f  t h e s e  a r e  f i x e d  
pe rpend icu la r  t o  t h e  v e h i c l e  z-axis a s  i n  t h e  f i r s t  Workshop, 
then  t h i s  a x i s  should be t h e  a x i s  of r o t a t i o n  and should be 
o r i e n t e d  along t h e  so la r  vec to r .  This  paper cons ide r s  t h e  
dynamical problems of sp inning  up and r o t a t i n g  va r ious  Workshop 
c o n f i g u r a t i o n s  about the sun-oriented vehicle z -ax is .  

The c e n t r i f u g a l  f o r c e  due t o  t h e  r o t a t i o n  of t h e  
C l u s t e r  w i l l  induce r a d i a l  l oads  on some components which may 
n e c e s s i t a t e  mod i f i ca t lon  of va r ious  load  bear ing  s t r u c t u r e s .  
Deployed components, such as t h e  Workshop s o l a r  a r r a y s ,  t h e  
Apollo Telescope Mount, and i t s  s o l a r  a r r a y s  are p a r t i c u l a r l y  
vu lne rab le .  Examples of component loads  a t  t h e  end of t h e  sp in-  
up  phase are presented .  N o  conclusions on s t r u c t u r a l  adequacy 
are drawn, however, as t h e  a c t u a l  loads  w i l l  depend on angular  
a c c e l e r a t i o n  and v e l o c i t y  l i m i t s  which are n o t  y e t  determined. 

I T o  de te rmine  t h e s e  l i m i t s ,  more i n v e s t i g a t i o n  i s  r equ i r ed ,  and 
I i n  t h e  f i n a l  s e c t i o n  a l i s t  of s p e c i f i c  i t e m s  t h a t  r e q u i r e  

f u r t h e r  s tudy  i s  given.  

I 1.1 Envelope of Parameters f o r  Experiment 
I 

The purpose of t h e  a r t i f i c i a l  g r a v i t y  experiment i s  
t o  i n v e s t i g a t e  t h e  a l l e v i a t i n g  e f f e c t s  of an a r t i f i c i a l  g r a v i t y  
environment upon problems which might occur  i n  a long-term 
ze ro -g rav i ty  environment. These problems are of two types :  
p h y s i o l o g i c a l  ones,  i nc lud ing  t h e  e f f e c t s  on t h e  ca rd iovascu la r  
system, muscles,  s k e l e t o n ,  and t h e  r e f l e x e s ;  and h a b i t a b i l i t y  
problems such a s  f l o a t i n g  d e b r i s ,  m o b i l i t y ,  manipulat ion of 
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o b j e c t s  and t h e  containment of  f l u i d s .  However, t h e  r o t a t i n g  
v e h i c l e  produces i t s  own set  of p e c u l i a r  d i f f i c u l t i e s  f o r  t h e  
a s t r o n a u t s .  These i n c l u d e  p h y s i o l o g i c a l  e f f e c t s  such as  c a n a l  
s i c k n e s s  caused by ove r - s t imu la t ion  of t h e  v e s t i b u l a r  organs  [11*, 
a g r a d i e n t  between t h e  levels  of induced g r a v i t y  a t  t h e  head and 
f e e t ,  and h a b i t a b i l i t y  problems such as t h e  unusual  k inemat ics  
of f a l l i n g  o r  thrown o b j e c t s  [ 2 ] .  An uncon t ro l l ed  r o t a t i n g  
v e h i c l e ,  when d i s t u r b e d ,  w i l l  wobble (a  c u r v i l i n e a r  o s c i l l a t o r y  
motion of t h e  s p i n  a x i s ) ,  c o n t r i b u t i n g  t o  a l l  o f  t h e  above 
e f f e c t s  [ 3 ] .  These and o t h e r  p h y s i o l o g i c a l  and h a b i t a b i l i t y  
e f f e c t s  can be used  t o  formula te  l i m i t s  of a c c e p t a b i l i t y  on 
angu la r  v e l o c i t y ,  a r t i f i c i a l  g r a v i t y  leve l ,  and s p i n  r a d i u s .  The 
envelope of a c c e p t a b i l i t y  proposed by t h e  Manned S p a c e c r a f t  Center  
c o n s i s t s  of t h e  fo l lowing  l i m i t s :  

Minimum Maximum 

Spin Radius 3 0  150 f e e t  
Angular Ve loc i ty  2 
A r t i f i c i a l  Gravi ty  Level .2  

1 0  r Pm 
.8 G 

This  envelope and t h o s e  proposed i n  References [ l l  and [31  are 
o u t l i n e d  i n  F igu re  1. 

2 . 0  ANALYSIS 

2.1 Ccnera l  Ecruations of :4~tioii 

The e q u a t i o n s  f o r  angu la r  motion of a body w i t h  r e s p e c t  
t o  an i n e r t i a l  r e f e r e n c e  frame may be w r i t t e n  as 

M = H  - - 

where 
M = t h e  e x t e r n a l  a p p l i e d  moment v e c t o r  - 
- II = the tctal angular  mcment l lm vectcr cf t h e  body 

( ) =  d i f f e r e n t i a t i o n  with r e s p e c t  t o  t i m e .  

If t h e  body i s  a v e h i c l e  c o n t a i n i n g  rotors or gyro- 
s copes ,  equa t ion  (1) can be w r i t t e n  i n  i n e r t i a l  c o o r d i n a t e s  as 

M = (I&) + 
9 - 

*Numbers i n  b r a c k e t s  r e f e r  t o  r e f e r e n c e s  l i s t e d  a t  t h e  end 
of t h i s  r e p o r t .  
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where 

I = t h e  i n e r t i a  t e n s o r  o f  t h e  v e h i c l e  

- w = t h e  angu la r  v e l o c i t y  v e c t o r  of t h e  v e h i c l e  

H = t h e  angu la r  momentum v e c t o r  of t h e  v e h i c l e ' s  
-9 gyros .  

Two r e p r e s e n t a t i v e  terms of  t h e  symmetric i n e r t i a  t e n s o r  are  
g iven  by : 

Ixx = 1 P ( Y  2 2  +z 1 d V  
( 3 )  

where  p ( x , y , z )  i s  t h e  mass d i s t r i b u t i o n  of t h e  v e h i c l e .  The 
remaining terms are found through permuta t ions  o f  x , y ,  and z .  

When w r i t t e n  i n  t e r m s  of body-fixed v e h i c l e  c o o r d i n a t e s ,  
equa t ion  ( 2 )  becomes 

2 . 2  Torque-Free Motion of  a Rigid Vehic le  

The p a r t i c u l a r  case o f  " to rque - f r ee"  motion ( t h e  
e x t e r n a l  moment i s  zero)  o f  a v e h i c l e  w i thou t  gyros  i s  governed 
by t h e  fo l lowing  equa t ion :  

If t h e  e x p r e s s i o n s  f o r  t h e  k i n e t i c  energy T and t h e  magnitude 
of t h e  angu la r  momentum v e c t o r  H are recognized as 
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both  of which remain c o n s t a n t  f o r  t o rque - f r ee  motion, then  
equa t ion  ( 6 )  can be so lved  a n a l y t i c a l l y  (see t h e  Appendix). 
The a n a l y t i c  s o l u t i o n s  are of two d i s t i n c t  types .  The f i r s t  
t ype  t a k e s  t h e  form of a cons t an t  r o t a t i o n  about  one of  t h e  
p r i n c i p a l  i n e r t i a l  axes.  I n  t h e  second type  of  s o l u t i o n ,  t h e  
components of  angular  v e l o c i t y  a r e  p e r i o d i c  f u n c t i o n s ,  s p e c i f i -  
c a l l y ,  t h e  Jacobian  e l l i p t i c  func t ions ,  as described i n  t h e  
Appendix. I n  e i t h e r  case, i f  t h e r e  i s  any i n t e r n a l  damping i n  
t h e  v e h i c l e ,  t h e  angular  v e l o c i t y  v e c t o r  w i l l  u l t i m a t e l y  coincide 
w i t h  t h e  a x i s  o f  maximum p r i n c i p a l  i n e r t i a .  

2 . 3  Torque-free Motion of a V e h i c l e  w i t h  Gyroscopes 

, The governing equa t ion  i n  body-fixed coord ina te s  for  
to rque - f r ee  ( M  - 0 )  motion of  a v e h i c l e  wi th  gyroscopes i s  

W e  w i l l  s p e c i f y  t h a t  t h e  v e h i c l e  i s  r o t a t i n g  about i t s  
geometr ic  z -ax is ,  as d e s i r e d ,  with a c o n s t a n t  angu la r  v e l o c i t y  
w . t h u s ,  equat ion  ( 9 )  becomes z 

For w = ( O , 0 , w z ) ,  equat ion  ( 1 0 )  can be expanded i n t o  - 
t h e  fo l lowing  scalar equa t ions  

A = o  
92 
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The gyroscopes can be i n i t i a l i z e d  such t h a t  t h e i r  
momentum components a long t h e  s p a c e c r a f t  x and y axes a r e  c o n s t a n t ,  
and t h e r e  i s  no component a long  t h e  z-axis.  With such i n i t i a l  
c o n d i t i o n s ,  t h e  s o l u t i o n s  t o  (11) are 

H = 0 .  
gz 

The smallest p o s s i b l e  magnitude of gyroscope anglllar inomentum 
t h a t  w i l l  main ta in  s t eady  r o t a t i o n  about t h e  vehicle z-axis i s ,  
t h e r e f o r e ,  

2 . 4  Eule r  Anales 

The Eu le r  angles  are used t o  d e s c r i b e  t h e  p o s i t i o n  of  
a body undergoing a r b i t r a r y  r o t a t i o n  about i t s  c e n t e r  of g r a v i t y  
(CG). I f  t h e  body-fixed coord ina te  axes  xyz are i n i t i a l l y  
c o i n c i d e n t  wi th  an i n e r t i a l  r e f e rence  frame denoted by coord ina te  
axes X Y Z ,  t h e n ,  by s p e c i f y i n g  t h r e e  success ive  r o t a t i o n s  i n  a 
p a r t i c u l a r  sequence, any o r i e n t a t i o n  of t h e  body wi th  r e s p e c t  t o  
t h e  XYZ axes  can be descr ibed .  

I n  Fiqure 2: a p o s i t i v e  r o t a t i o n  $J about  t h e  Z-axis 
g e n e r a t e s  x 'y 'Z ;  a r o t a t i o n  8 about x '  produces x ' y " z ;  and 
f i n a l l y ,  a r o t a t i o n  0 about  z r e s u l t s  i n  t h e  xyz body-fixed 
coord ina te  axes.  
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I t  i s  apparent  t h a t  any p o s s i b l e  o r i e n t a t i o n  of t h e  
axes  xyz can be a t t a i n e d  by performing t h e  proper  r o t a t i o n s  i n  
t h e  s p e c i f i e d  order. I t  i s  noted t h a t  t h e  Eu le r  angle  B i s  
t h e  angle  between t h e  i n e r t i a l  Z-axis and t h e  body-fixed z-axis .  

By i n s p e c t i n g  t h e  p r o j e c t i o n s  of t h e  Euler  angle  ra tes  
on t h e  xyz axes ,  t h e  components of t h e  angu la r  v e l o c i t y  v e c t o r  
E, i n  body-fixed coord ina te  axes ,  can be w r i t t e n  

w = l j J s e s $ + L q l  
X 

w = l j J s e c r $ - 6 s +  
Y 

w = i + j , c 0  
Z 

where w e  have de f ined  so s i n 0  , s o  5 s i n $  , ce 5 cos0 , 
and co 5 cos$. 

Equations ( 1 4 )  possess  t h e  fol lowing i n v e r s e  r e l a t i o n s  

e = w  C $ - w  S $  
X Y 

I n  o r d e r  t o  w r i t e  a v e c t o r  given i n  body-fixed 
coord ina te  axes  i n  terms of the i n e r t i a l  coo rd ina te  axes ,  t h e  
t r ans fo rma t ion  ma t r ix  i s  requi red .  R e f e r r i n g  back t o  t h e  
d e f i n i t i o n s  of e ,  +! 4 and w r i t i n g  o u t  t h e  r o t a t i o n s  i n  m a t r i x  
form, w e  have 



. I  

BELLCOMM. INC. - 7- 

where, f o r  example, 

and c$ E cos$, s$ E s i n $ .  

Thus, t h e  t ransformat ion  r e l a t i o n  is  

r = [A]  E - 

where 

R i s  a v e c t o r  i n  i n e r t i a l  (XYZ) coord ina te s  and r i s  t h e  same 
v e c t o r  i n  body (xyz) coord ina tes .  

- 

I n  t h e  same way, 

R = [a] - 

and t h e  t ransformat ion  ma t r ix  i s ,  i n  f u l l ,  

which t ransforms f r o m  body-fixed vehicle coord ina te s  t o  i n e r t i a l  
coo rd ina te s .  The mat r ix  [a ]  i s  t h e  i n v e r s e  of [ A ] ,  and as any 
m a t r i x  of d i r e c t i o n  cos ines  i s  or thogonal ,  it i s  a l s o  t h e  t r a n s -  
pose of [ A ] .  
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2.5 Method of S o l u t i o n  

Of primary i n t e r e s t  i n  t h i s  s tudy  i s  t h e  dynamic 
behavior  of t h e  v e h i c l e  w i thou t  gyroscopes,  governed by t h e  
equa t ion  

from equa t ion  ( 5 )  and which can be r e w r i t t e n  i n  t h e  form 

where I-' i s  t h e  i n v e r s e  of t he  i n e r t i a  m a t r i x  I. 

For a g iven  s e t  of i n i t i a l  cc.;.,ditions f o r  w ,  E!, $ 
and 9 ,  equat ions  (15)  and (23) give t h e  corresponding i n i t i a l  
va lues  f o r  w, 0 ,  $, 4. A computer program employing a modified 
Runge-Kutta-numerical procedure for  so lv ing  a system of f i rs t  
o r d e r  d i f f e r e n t i a l  equat ions  i s  then  called upon t o  p r e d i c t  
va lues  a t  s t a t e d  increments of t i m e .  The Euler  angle  6, which 
i s  t h e  angle  between t h e  i n e r t i a l  Z-axis and t h e  body-fixed 
z-ax is ,  i s  de f ined  non-negative,  so  i f  t h e  numerical  computation 
predicts  a nega t ive  va lue  f o r  0 ,  c o n t r o l  i s  r e tu rned  t o  t h e  
p rev ious  t i m e  s t e p ,  t h e  s t ep - s i ze  i s  reduced, and new va lues  
are c a l c u l a t e d  u n t i l  t h e  p r e d i c t e d  va lues  of 8 remain p o s i t i v e .  

. .  

T h e  program was checked a g a i n s t  t h e  known a n a l y t i c a l  
s o l u t i o n  for  to rque - f r ee  mot ion  as described i n  t h e  Appendix. 
A f u r t h e r  check on t h e  computational accuracy of t h e  program fo r  
to rque - f r ee  motion i s  provided by c a l c u l a t i n g  t h e  magnitude of 
t h e  angu la r  momentum vector H a t  each t i m e  increment and compar- 
i n g  t h i s  va lue  wi th  t h e  i n i t z a l  value.  Dividing t h e  d i f f e r e n c e  
i n  these va lues  by t h e  i n i t i a l  value g i v e s  an i n d i c a t i o n  of t h e  
accumulative error. R e s t r i c t i n g  t h e  d i f f e r e n c e  t o  less than  
0.018 of the i n i t i a l  va lue  a s su res  t h a t  t h e  e r r u r  does not grow 
t o o  l a r g e .  A l s o ,  t h e  angu la r  momentum v e c t o r  i s  eva lua ted  us ing  
t w o  d i f f e r e n t  r e l a t i o n s ,  one using t h e  angular  v e l o c i t y  w and 
t h e  o t h e r  employing t h e  Eu le r  angles  and t h e i r  t i m e  d e r i v a t i v e s .  
Computing t h e  magnitude of  t h e  vec to r  d i f f e r e n c e  and r e s t r i c t i n g  
it t o  less than  0 . 0 1 %  of  t h e  sum of t h e  magnitudes a s s u r e s  t h a t  
t h e  d e f i n i n g  equa t ions  a r e  being s a t i s f i e d  a t  each increment and 
t h a t  t h e  computational error i s  small .  T h i s  l a t t e r  check i s  
a p p l i c a b l e  n o t  on ly  f o r  to rque- f ree  motion b u t  a l s o  f o r  mot ion  
w i t h  a p p l i e d  moments. 
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The a n a l y s i s  of t h e  dynamic behavior  of a v e h i c l e  
wi thout  gyroscopes,  as o u t l i n e d  i n  s e c t i o n  2 . 5 ,  i s  now app l i ed  
t o  a v a r i e t y  of c o n f i g u r a t i o n s .  The i n e r t i a l  p r o p e r t i e s  of 
each of t h e  c o n f i g u r a t i o n s  w e r e  determined by means of  a 
computer program developed by P. G. Smith [5] which e v a l u a t e s  
t h e  p r i n c i p a l  moments of i n e r t i a  and t h e  t r ans fo rma t ion  mat r ix  
( d i r e c t i o n  c o s i n e s )  of t h e  p r i n c i p a l  axes .  

The dynamic behavior  of t h e  so la r  a r r a y  normal can be 
desc r ibed  by t h e  Euler  angles 8 and $ which re la te  t h e  body 
f i x e d  v e h i c l e  z-axis  t o  t h e  i n e r t i a l  coo rd ina te  system, as shown 
i n  F igu re  3 .  The i n e r t i a l  Z-axis is  pos i t i oned  on t h e  sun - l ine ,  
p o s i t i v e  away from t h e  sun. The p r o j e c t i o n  of t h e  inward s o l a r  
a r r a y  u n i t  normal, r = ( 0 , 0 , 1 )  onto t h e  i n e r t i a l  X-Y p lane  i s  
used t o  d i s p l a y  the-vehicle dynamics. I ts  magnitude i s  s o ,  and 
$ is  t h e  angle  between t h e  p r o j e c t i o n  and t h e  nega t ive  Y a x i s .  
F igure  5 i s  an example of  t h i s  d i s p l a y ,  where  s p e c i f i c  t i m e  
values a r e  noted i n  minutes.  T h i s  d e s c r i p t i o n  can  a l s o  be 
cons idered  as t h e  trace of  t h e  po in t  of i n t e r s e c t i o n  of t h e  
v e h i c l e  z-axis  wi th  a u n i t  sphere cen te red  a t  t h e  o r i g i n ,  as 
viewed f r o m  t h e  i n e r t i a l  Z-axis. 

The behavior  i s  s tud ied  by means of equat ions  (15) and 
( 2 3 )  with  t h e  fo l lowing  t w o  sets of i n i t i a l  cond i t ions .  I n  
both cases, t h e  body f i x e d  veh ic l e  z-axis  (inward s o l a r  a r r a y  
m r n a l )  i s  i n i t i a l l y  pos i t i oned  slightly cff t h e  s n l a r  vector 

equa t ion  ( 1 5 ) .  
= lo) i n  o r d e r  t o  avoid computational d i f f i c u l t i e s  i n  ( e  I t = O  

O l t=O = ( O , O , W Z ) ,  M - = 0, = (l0,0,O). 
This  i s  torque- f ree  motion wi th  an angular  v e l o c i t y  
w about  t h e  v e h i c l e  z-axis s u f f i c i e n t  t o  a t t a i n  an 
a r t i f i c i a l  g r a v i t y  l e v e l  of  approximately 0 . 5  G a t  
t h e  Workshop f l o o r .  

Z 

2 )  - 1  t=n  = 0,g = ( O , O , M Z ) ,  ( e , + , + )  I t -O - = (1O,O,O). 
M i s  t h e  c o n s t a n t  appl ied  to rque  i n  v e h i c l e  coord ina te s  
developed by t h e  CSM t h r u s t e r s  about  t h e  c e n t e r  of 
g r a v i t y  of  t h e  C lus t e r .  A 200  pound t h r u s t  i n  t h e  minus 
y - d i r e c t i o n  i s  app l i ed  long enough t o  a t t a i n  approxi- 
mately 0 .5  G l e v e l  o f  a r t i f i c i a l  g r a v i t y  a t  t h e  Work- 
shop f l o o r .  

Z 
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I t  i s  a r s o  of i n t e re s t  t o  , nves t iga t e  t h e  loads  induced 
on t h e  components of  t h e  C l u s t e r  by t h e  motion. I n  t h i s  r e p o r t ,  
t h e  l o a d s ,  as descr ibed  by t h e  fo rce  and moment vectors on t h e  
h inge  j o i n t  of  one of  t h e  Workshop s o l a r  a r r a y s ,  are shown as 
f u n c t i o n s  of  t i m e .  G e n e r a l  exp res s ions  f o r  t h e  loads  on any 
component a r e  : 

where 

F = f o r c e  v e c t o r  a c t i n g  a t  t h e  CG of  t h e  component 

M = moment vec to r  a c t i n g  a t  t h e  j o i n t  of t h e  
-j component 

-C 

m = m a s s  of t h e  component 

r = p o s i t i o n  v e c t o r  of t h e  component CG wi th  
C 

r e s p e c t  t o  t h e  C l u s t e r  CG -C 

r = p o s i t i o n  v e c t o r  of t h e  component CG w i t h  
-1 r e s p e c t  t o  t h e  j o i n t  of t h e  component 

I t  i s  shown i n  t h e  Appendix t h a t  t h e  angular  v e l o c i t y  
and i t s  d e r i v a t i v e  are p e r i o d i c  func t ions  of  t i m e  f o r  to rque- f ree  
motion. Therefore  t h e  loads  a r e  p e r i o d i c .  For t h e  f i r s t  se t  of 
i n i t i a l  cond i t ions  t h e  loads  a r e  shown f o r  t h e i r  f i r s t  per iod .  
I n  o r d e r  t o  make comparison e a s y ,  t h e  loads  r e s u l t i n g  from t h e  
second set  of i n i t i a l  cond i t ions  are a l so  shown f o r  t h e  f i r s t  
p e r i o d  of  t h e  to rque - f r ee  motion which begins  when t h e  t h r u s t e r s  
are s h u t  o f f .  

The p r e f e r r e d  o r i e n t a t i o n  of t h e  angular  v e l o c i t y  
v e c t o r  i s  t h e  v e h i c l e  z -ax is  (normal t o  t h e  so la r  a r r a y s )  b u t  

of  an uncon t ro l l ed  v e h i c l e  w i t h  damping i s  t h e  p r i n c i p a l  a x i s  
o f  m a x i m u m  moment of i n e r t i a .  Thus, t h e  o f f s e t  ang le ,  a, 
d e f i n e d  a s  t h e  angle  between the  z-axis  and t h i s  p r i n c i p a l  a x i s ,  
w i l l  be  of  major importance,  and, as w i l l  be demonstrated,  t h e  
governing parameter i n  determining t h e  a c c e p t a b i l i t y  of  a con- 
f i g u r a t i o n  f o r  t h e  a r t i f i c i a l  g r a v i t y  experiment.  

the actr.zl o r i e n t a t i o n  Gf the fi l t imate cons tzn t  m g c l a r  V e l C C i t - 7  1 
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3 . 1  Case 1 
I The f i r s t  c o n f i g u r a t i o n  cons idered  i s  e s s e n t i a l l y  

i d e n t i c a l  t o  t h e  f i r s t  Workshop except  f o r  added consumables 
and t anks  f o r  i t s  one yea r  mission. Changes i n  experiments 

p r o p e r t i e s  o f  t h e  v e h i c l e ,  so t h e  fo l lowing  r e s u l t s  should be 
i n t e r p r e t e d  i n  a q u a l i t a t i v e  manner. However, t h e  primary con- 
c l u s i o n s  w i l l  c e r t a i n l y  remain v a l i d .  

I and o t h e r  mod i f i ca t ions  w i l l  f u r t h e r  change t h e  m a s s  and i n e r t i a  

For t h i s  c o n f i g u r a t i o n ,  shown i n  F igure  4 ,  t h e  o f f s e t  
angle  a has  t h e  va lue  33O. With an assumed s p i n  r a d i u s  of  36 
f e e t  from t h e  v e h i c l e  CG t o  t h e  Workshop f l o o r ,  an angular  
v e l o c i t y  of w z  = 6 . 3 6  rpm about  t he  z-axis  i s  r equ i r ed  t o  a t t a i n  
approximately 0 .5  G a r t i f i c i a l  g r a v i t y  l e v e l  a t  t h e  f l o o r  (see 
Figure  1). Assuming t h e  s p e c i f i c  impulse of t h e  CSM t h r u s t e r s  
i s  310 sec., spin-up t o  6 . 3 6  rpm would t a k e  approximately 6 
minutes and would consume 4 1 8  lbs  of  f u e l .  

For t h e  f i r s t  set of i n i t i a l  c o n d i t i o n s ,  t o rque - f r ee  
motion wi th  w = ( O , 0 , W z )  I t h e  r e s u l t i n g  behavior  of t h e  
v e h i c l e  z -ax is ,  as desc r ibed  by so vs  $J, i s  shown i n  F igure  5. 
The ampli tude of o s c i l l a t i o n  o f  8 i s  approximately 2 a .  The 
v e h i c l e  z-axis  approximately cones about  t h e  a x i s  of maximum 
p r i n c i p a l  moment o f  i n e r t i a ,  while t h i s  p r i n c i p a l  a x i s  approxi- 
mately cones about  t h e  i n e r t i a l  Z-axis. Both cones have a h a l f -  
aiijle of a. The f o r c e  and moment components a t  t h e  Workshop 
s o l a r  a r r a y  hinge due t o  t h i s  motion are shown i n  Figure 6 f o r  
one p e r i o d  of  t h e i r  o s c i l l a t i o n .  The cusp between 0 . 5  and 0 . 6  
minutes ( a t  $J = 1210O) i n  F igu re  5 corresponds t o  t h e  end 

angu la r  v e l o c i t y  r e t u r n s  t o  i t s  i n i t i a l  va lue  b u t  t h e  body-fixed 
z-axis  has  n o t  r e tu rned  t o  i t s  o r i g i n a l  p o s i t i o n ,  i l l u s t r a t i n g  
t h a t  t h e  Eu le r  angles  a r e  n o t  p e r i o d i c  func t ions .  

- 1  t = O  

I of t h i s  pe r iod  i n  t h e  torque- f ree  motion. A t  t h i s  p o i n t ,  t h e  

I 
I With t h e  second se t  o f  i n i t i a l  cond i t ions  ( cons t an t  
~ t o rque  sp in-up) ,  t h e  l ack  of c o n t r o l  i n  t h e  v e h i c l e  makes it i m -  
I p o s s i b l e  t o  a t t a i n  t h e  r e q u i r e d  angular  v e l o c i t y .  During spin-up 

t h e  angle 8 increases be17end 9 0 °  tn a- maximijm of 175O. For such 
large v a l u e s  of  e t h e  major e f f e c t  of  t h e  app l i ed  moment i s  t o  

i n c r e a s e  i t s  magnitude, a s  intended.  A f t e r  6 minutes of  t h r u s t -  
i n g ,  t h e  magnitude of  t h e  angular  momentum H i s  on ly  1 3 %  of  t h e  
necessary  va lue .  The behavior  of t h e  z -ax is ,  beginning a t  6 

I minutes ,  i s  shown by t h e  p o l a r  p l o t  of  s0 vs  $J i n  Figure 7 ;  t h e  
dashed l i n e s  i n d i c a t e  t h a t  8 > 9 0 ° .  These l a r g e  amplitude 
o s c i l l a t i o n s  are due p r i m a r i l y  t o  t h e  large va lue  of  c1 and t h e  

1 
I change t h e  o r i e n t a t i o n  of t h e  angular  momentum v e c t o r  and n o t  t o  

~ 
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l a c k  of c o n t r o l  i n  t h e  v e h i c l e .  I f  con t ro l  moment gyros w e r e  
t o  be used t o  main ta in  t h e  f i r s t  set of i n i t i a l  cond i t ions ,  
t hey  would need a 1 7 0 , 0 0 0  f t - l b - sec  momentum c a p a b i l i t y .  As 
t h e  c u r r e n t l y  a v a i l a b l e  CMGs are r a t e d  a t  2000  f t - l b - s e c  each ,  
t h i s  t ype  of c o n t r o l  i s  n o t  f e a s i b l e .  I f  t h r u s t e r s  are con- 
s i d e r e d  as a c o n t r o l  means, 1 2 0 , 0 0 0  f t - l b  of to rque  would be 
r e q u i r e d  cons t an t ly .  

The power ou tpu t  c a p a b i l i t y  of t h e  solar  a r r a y s  v a r i e s  
approximately l i n e a r l y  wi th  t h e  cos ine  of t h e  angle  between t h e  
so la r  v e c t o r  and t h e  perpendicular  t o  t h e  a r r a y s .  I f  t h e  
v e h i c l e  i n  case 1 i s  r o t a t e d  about i t s  a x i s  of maximum p r i n c i p a l  
moment of i n e r t i a ,  and t h i s  a x i s  i s  po in ted  a t  t h e  sun,  no con- 
t r o l  would be necessary  t o  maintain c o n s t a n t  angular  v e l o c i t y  
( i n  t h e  absence of e x t e r n a l  d i s t u r b a n c e s ) ,  b u t  t h e  power capa- 
b i l i t y  of t h e  a r r a y s  would be reduced by about  1 6 % .  S m a l l  
changes i n  t h e  i n e r t i a  p r o p e r t i e s  of t h i s  conf igu ra t ion  could 
i n c r e a s e  t h i s  power p e n a l t y  t o  75%.  

3 . 2  Case 2 

The r a t h e r  l a r g e  angular  v e l o c i t y  o f  6 . 3 6  rpm needed 
t o  a t t a i n  an a r t i f i c i a l  g r a v i t y  l e v e l  of  0.5 G i n  case 1 i s  
due t o  t h e  comparat ively s h o r t  sp in  r a d i u s  o f  36 f e e t  from t h e  
C l u s t e r  CG t o  t h e  f l o o r  of t h e  Workshop. The c o n f i g u r a t i o n  
s t u d i e d  now i s  one where t h e  spen t  SI1 s t a g e  remains a t t a c h e d  t o  
t h e  Workshop as shown i n  F i g u r e  8. The CG o f  t h i s  c o n f i g u r a t i o n  
is in t h e  w a s t e  tank making t h e  Workshop flnor an  unsuitable 
s i t e  f o r  t h e  a r t i f i c i a l  g r a v i t y  experiment. But i f  a f l o o r  i s  
i n s t a l l e d  i n  t h e  Mul t ip l e  Docking Adapter (which would have on ly  
2 5 %  of  t h e  f l o o r  area of  t h e  Workshop) and i s  used f o r  t h e  a r t i -  
f i c i a l  g r a v i t y  experiment,  t h e  sp in  r a d i u s  i s  inc reased  t o  65  
f e e t  and an angular  v e l o c i t y  o f  4.76 rpm would be r e q u i r e d  fo r  
a 0 . 5  G a r t i f i c i a l  g r a v i t y  level (see Figure  1) .  

The o f f s e t  angle  c1 f o r  t h i s  case i s  s t i l l  q u i t e  l a r g e  
and t h e  dynamic behavior  i s  q u i t e  s i m i l a r  t o  t h a t  o f  case 1, 
shown i n  F igures  5 and 7. The primary d i f f e r e n c e  between t h e  
r e s u l t s  i s  an i n c r e a s e  i n  t h e  length of  t h e  pe r iod  o f  t h e  
oscillatory mmtion. T h i s  i s  caused by t h e  marked i n c r e a s e  i n  
t h e  i n e r t i a  p r o p e r t i e s ;  t h e  maximum moment of i n e r t i a  i s  l a r g e r  
t han  i n  case  1 by n e a r l y  an o rde r  of magnitude. The CMG capab i l -  
i t y  r e q u i r e d  t o  main ta in  t h e  cons tan t  angu la r  v e l o c i t y  v e c t o r  
p a r a l l e l  wi th  t h e  body-fixed geometric z -ax is  i s  a l s o  dependent 
on t h e  i n e r t i a  p r o p e r t i e s .  I t  is  a f u n c t i o n  of  t h e  products  o f  
i n e r t i a  and i s  double t h e  va lue  of  case 1. The f u e l  used du r ing  
spin-up and spin-down ope ra t ions  i s  n o t  on ly  dependent on t h e  
i n e r t i a  p r o p e r t i e s  b u t  a lso t h e  angular  v e l o c i t y  r equ i r ed  and 
t h e  moment arm of t h e  CSM t h r u s t e r s  ( longe r  i n  t h i s  case because 
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of  t h e  new CG l o c a t i o n ) .  However, t h e  o r d e r  of  magnitude 
i n c r e a s e  i n  i n e r t i a  overshadows t h e  e f f e c t s  of  t h e  o t h e r  t e r m s  
and t h e  amount of f u e l  r equ i r ed  f o r  spin-up i n c r e a s e s  by a 
factor  of t h r e e .  

These very  l a r g e  i n e r t i a  terms would a l s o  s e e m  t o  
make any e x i s t i n g  a t t i t u d e  c o n t r o l  system i n e f f e c t i v e .  Also,  
because of t h e  l o c a t i o n  of t h e  c e n t e r  o f  g r a v i t y ,  t h e  zero- 
g r a v i t y  p o i n t  i s  u n a v a i l a b l e  t o  t h e  c r e w .  

3 . 3  Case 3 

I n  o r d e r  t o  reduce t h e  value of  a i n  case 2 ,  t h e  cross- 
shaped so l a r  a r r a y s  on t h e  ATM a re  removed. To main ta in  t h e  
power supply  c a p a b i l i t y ,  t h e  Workshop so la r  a r r a y s  are extended 
t o  t w i c e  t h e i r  o r i g i n a l  s i z e .  T h e s e  mod i f i ca t ions  reduce a t o  
22'. So a s  t o  g e n e r a l i z e  t h i s  conf igu ra t ion  t o  accommodate 
e i the r  so l a r  o r  s t e l l a r  astronomy by t h e  ATM, t h e  ATM experiment 
package i s  mounted on a r i n g  gear  t h a t  surrounds t h e  MDA. This  
gear i s  assumed capable  of r o t a t i n g  t h e  ATM through an ang le  y 
about  t h e . g e o m e t r i c  x-axis  of the  v e h i c l e ,  where y i s  measured 
from t h e  so la r  ATM p o s i t i o n .  T h i s  con f igu ra t ion  i s  shown schema- 
t i c a l l y  i n  F igure  9. 

A s  a r e s u l t  of  t h e  r o t a t i o n  of t h e  ATM, t h e  i n e r t i a l  
p r o p e r t i e s  of t h e  C l u s t e r  change and so,  t o o ,  does t h e  va lge  of 
a .  The o f f s e t  angle  a ver sus  the  ATM p o s i t i o n  angle  y i s  shown 
i n  F igu re  1 0 .  There are f o u r  values  of y f o r  which a reduces t o  
1.5 '  o r  less. I f  t h e  r i n g  g e a r  w e r e  no t  used,  b u t  t h e  ATM 
mounted permanently a t  an ang le  y t h a t  makes c1 Q 1.5" or less, 
o p t i o n s  are a v a i l a b l e  f o r  e i t h e r  type  o f  astronomy. For y % 15O 
t h e  ATM would be i n  a s u i t a b l e  p o s i t i o n  f o r  s o l a r  astronomy; 
f o r  y % 195O s t e l l a r  astronomy would be m o s t  p r a c t i c a l ;  whi le  
f o r  y % 77' and y % 255O, it i s  p o s s i b l e  t h a t  e i t h e r  s o l a r  or 
s t e l l a r  astronomy could be accomplished by p e r m i t t i n g  l a r g e  
angu la r  r o t a t i o n s  of t h e  experiment package r e l a t i v e  t o  t h e  ATM 
s t r u c t u r e .  

With a reduced va lue  or' a u-b l . 5 n I  the CMG capability 
would s t i l l  have t o  be 1 4 , 0 0 0  f t - l b - sec  t o  hold  t h e  angu la r  
v e l o c i t y  vector p a r a l l e l  t o  t h e  geometr ic  z-axis .  However, i f  
t h e  v e h i c l e  i s  allowed t o  s p i n  about t h e  a x i s  o f  maximum p r i n c i p a l  
moment o f  i n e r t i a ,  t h e  r e s u l t i n g  s t e a d y  r o t a t i o n  ( n e g l e c t i n g  
e x t e r n a l  d i s t u r b i n g  to rques )  would r e q u i r e  no CMG c o n t r o l .  
Ro ta t ion  about  t h i s  a x i s  imposes a p e n a l t y  on t h e  s o l a r  power of 
approximately (1 - cosa) if t h e  a x i s  i s  d i r e c t e d  a t  t h e  sun. 
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F igure  1 0  a lso shows t h e  l i m i t s  on t h e  o f f s e t  angle  a f o r  s o l a r  
power p e n a l t i e s  of 1%, 2 % ,  and 3 % .  So it would seem t h a t  
p o s i t i o n i n g  t h e  ATM body proper ly  w i l l  g i v e  s a t i s f a c t o r y  dynamic 
behavior  wi th  an accep tab le  loss of  so la r  power. However, as i n  
case 2 ,  t h e r e  i s  no zero-gravi ty  l o c a t i o n  a v a i l a b l e  and t h e  f u e l  
requirement i s  t h e  same. A l l  of t h e  problems caused by t h e  
inc reased  i n e r t i a  p r o p e r t i e s  a r e  s t i l l  e x t a n t ,  even wi th  an 
accep tab le  va lue  of a. 

3 . 4  C a s e  4 

The f o u r t h  conf igu ra t ion  i s  s i m i l a r  t o  t h e  o r i g i n a l  
c o n f i g u r a t i o n  of case 1 where t h e  S - I1  s t a g e  i s  j e t t i s o n e d .  A 
s t e l l a r ,  r a t h e r  than  s o l a r ,  ATM i s  included.  S t e l l a r  astronomy 
i s  accommodated by r e l o c a t i n g  t h e  ATM s o l a r  a r r a y s  inboard on 
t h e  MDA, and t h e  ATM on t h e  p l u s  z-axis  180" from t h e  o r i g i n a l  
l o c a t i o n .  This  mod i f i ca t ion  reduces t h e  o f f s e t  angle  c1 t o  18O, 
as shown i n  F igure  11, b u t  t h e  CG l o c a t i o n  on t h e  x-axis  i s  t h e  
s a m e  a s  case  1. Thus t h e  s p i n  r a d i u s ,  angular  v e l o c i t y ,  and 
g r a v i t y  l e v e l  are a l l  i d e n t i c a l  t o  case 1, wi th  t h e  a r t i f i c i a l  
g r a v i t y  experiment l o c a t i o n  aga in  a t  t h e  Workshop f l o o r .  

The dynamic behavior  of t h i s  conf igu ra t ion  wi th  t h e  
f i r s t  set  of i n i t i a l  cond i t ions  ( to rque - f r ee  cons t an t  angu la r  
v e l o c i t y )  i s  s i m i l a r  t o  t h a t  of  case 1 wi th  t h e  Euler  ang le  8 
o s c i l l a t i n g  wi th  an amplitude of approximately 2a .  The motion 
of t h e  body-fixed z-axis i s  shown in t h e  S O  vs $ p l a r  plet of 
F igure  1 2 ,  where t h e  r a d i a l  s c a l e  f o r  s8 has been changed from 
t h a t  of  F igure  5 (case 1) i n  o rde r  t o  show t h e  d e t a i l s  o f  t h e  
motion more c l e a r l y .  

The loads  on t h e  Workshop s o l a r  a r r a y  induced by t h i s  
motion are p i c t u r e d  i n  F igure  1 3  f o r  one pe r iod  of  o s c i l l a t i o n .  
This  p e r i o d  i s  smaller than  t h a t  o f  c a s e  1, shown i n  F igu re  6 ,  
because of  t h e  d i f f e r e n t  i n e r t i a l  p r o p e r t i e s  ( t h e  i n i t i a l  condi- 
t i o n s  are i d e n t i c a l ) .  The peak-to-peak amplitude of  t h e  p e r i o d i c  
loads  i s  less than  t h a t  of case 1. 

Svbject. t o  the second set  of i n i t i a l  cond i t ions  ( c o n s t a n t  
to rque  sp in -up) ,  t h e  behavior  of case 4 i s  much smoother (less 
wobble) than  case 1. During spin-up t h e  Euler  angle  8 does n o t  
i n c r e a s e  beyond 4 0 °  so t h e  cons t an t  app l i ed  torque  i s  s t e a d i l y  
i n c r e a s i n g  t h e  magnitude of  t h e  angu la r  momentum of  t h e  v e h i c l e ,  
n o t  merely changing i t s  o r i e n t a t i o n .  A s  a consequence, i n  
c o n t r a s t  t o  case 1, a t  t = 6  minutes (when t h e  torque  f r e e  motion 
b e g i n s ) ,  t h e  angular  v e l o c i t y  i s  s u f f i c i e n t  t o  produce an 
a r t i f i c i a l  g r a v i t y  l e v e l  of approximately 0 .5  G.  The motion of  
t h e  body-fixed z-axis  i s  shown i n  t h e  p o l a r  p l o t  of  F igure  1 4 ,  
where t h e  r a d i a l  scale f o r  se has aga in  been changed from case 1. 
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The loads  on t h e  Workshop solar  a r r a y  f o r  one pe r iod  
o f  t o rque - f r ee  motion a f t e r  spin-up a r e  shown i n  Figure 15 .  
Comparison wi th  F igu re  13  r e v e a l s  t h a t  t h e  loads  have a d i f f e r e n t  
p r o f i l e  f o r  t h e  two sets o f  i n i t i a l  cond i t ions .  This  i s  due t o  
t h e  f a c t  t h a t  t h e  c h a r a c t e r  o f  w a t  t = O  (F igure  13 )  i s  n o t  
d u p l i c a t e d  a t  t = 6  minutes (Figure 1 5 ) ,  and t h e  to rque - f r ee  
motion depends very s t r o n g l y  on t h e s e  i n i t i a l  cond i t ions .  The 
p e r i o d  of  o s c i l l a t i o n ,  however, depends on t h e  angu la r  momentum, 
k i n e t i c  energy,  and i n e r t i a  p r o p e r t i e s ,  and i s  approximately 
t h e  s a m e  f o r  t h e  t w o .  

I n  o r d e r  t o  c o n t r o l  t h i s  motion by means of CMGs,  
equa t ion  (15) i n d i c a t e s  t h a t  f o r  t h i s  case, H I = 1 2 0 , 0 0 0  f t - l b -  
sec which i s  s t i l l  f a r  beyond p resen t  c a p a b i l i t i e s .  I f ,  however, 
t h e  v e h i c l e  i s  r o t a t e d  about  t h e  a x i s  o f  maximum p r i n c i p a l  moment 
of i n e r t i a  t o  achieve  s t eady  motion, t h e  p e n a l t y  on t h e  s o l a r  
power supply would be only  5%.  

'9 

A conf igu ra t ion  acceptab le  f o r  s o l a r  astronomy, wi th  
t h e  ATM i n  i t s  o r i g i n a l  p o s i t i o n  b u t  t h e  ATM so la r  a r r a y s  remounted 
on t h e  oppos i t e  s i d e  of  t h e  MDA, w i l l  have s imi l a r  dynamic prop- 
ert ies.  , 

3.5 Case 5 

Remounting t h e  cross-shaped ATM so la r  a r r a y s  inboard on 
t h e  MDA on t h e  nega t ive  z -ax is ,  as i n  case 4 ,  b u t  p o s i t i o n i n g  
t h e  ATM experiment package 90' from i t s  o r i g i n a l  p o s i t i o n  r e s u l t s  
i n  t h e  conf igu ra t ion  shown i n  Figure 1 6 .  E i t h e r  so la r  o r  s t e l l a r  
astronomy could be accommodated i f  t h e  ATM experiment package 
were r e l o c a t e d  w i t h i n  t h e  ATM s t r u c t u r e .  This c o n f i g u r a t i o n  
reduces  a t o  3.5O and t h e  dynamic behavior  o f  t h e  v e h i c l e  i s  
r e l a t i v e l y  smooth as compared t o  t h e  previous cases considered.  
The motion of t h e  z-axis  i s  shown i n  t h e  so vs  JI p o l a r  p l o t  o f  
F igu re  1 7 ,  which aga in  has a d i f f e r e n t  r a d i a l  scale f o r  s o .  The 
maximum va lue  of 8 under t h e  f i r s t  s e t  of i n i t i a l  c o n d i t i o n s  i s  
8 O ,  s t i l l  approximately t w i c e  t h e  va lue  of  a. The loads  on t h e  
Workshop solar  a r r a y  f o r  one per iod  of  t h e  o s c i l l a t i o n  are shown 
i n  F igu re  18.  The motion has very i i t t i e  wobble and thus t h e  
l oads  approach c o n s t a n t  va lues .  

up according t o  t h e  second set  of i n i t i a l  c o n d i t i o n s  i s  extremely 
smooth. A t  t = 6  minutes t h e  Euler  angles  are ( e ,  J I ,  4)) = ( 4 ,  273, 
151) degrees  and t h e  angu la r  v e l o c i t y  i s  w = (.18, - .31 ,  6 . 7 )  rpm. 
The v e h i c l e  z-axis  d e s c r i b e s  a n  almost p e r f e c t  cone of about  2' 
ha l f - ang le  about  an a x i s  which i s  3" from t h e  i n e r t i a l  Z-axis. 

The behavior  of  t h i s  conf igu ra t ion  a f t e r  be ing  spun- 
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The se vs 9 p o l a r  p l o t  would appear as a s l i g h t l y  o f f - c e n t e r  
c i rc le  which i s  c o n s t a n t l y  be ing  repea ted .  The f o r c e  components 
e x e r t e d  on t h e  Workshop s o l a r  a r r a y s  by t h i s  motion a r e  ve ry  
n e a r l y  c o n s t a n t ,  vary ing  by on ly  5 l b s  as compared t o  t h e  
v a r i a t i o n  o f  25 l b s  i n  F igure  1 8  r e s u l t i n g  from t h e  f i r s t  set 
o f  i n i t i a l  cond i t ions .  

The CMG c a p a b i l i t y  r equ i r ed  t o  a l i g n  t h e  r o t a t i o n  v e c t o r  
wi th  t h e  geometr ic  body-fixed z-axis of  t h i s  c o n f i g u r a t i o n  i s  
about  2 0 , 0 0 0  f t - l b - sec ,  which i s  s t i l l  t o o  l a r g e .  But wi th  
ci = 3.5O, t h e  power loss caused by r o t a t i n g  about  t h e  a x i s  of 
maximum p r i n c i p a l  moment of i n e r t i a  would be on ly  0 .6%.  Thus, 
c o n s t a n t  r o t a t i o n  about  t h i s  axis would be accep tab le .  

3.6 C a s e  6 

Reducing t h e  o f f s e t  angle can  be accomplished i n  many 
ways, i n c l u d i n g  rearrangement of t h e  i n t e r n a l  l a y o u t  of  t h e  
Workshop so as t o  reduce t h e  product  of i n e r t i a  t e r m s  Ixz and 
I I n  case  3 it w a s  shown t h a t  r o t a t i o n  of t h e  ATM could 
reduce ci ' to an acceptab ly  s m a l l  va lue  a t  f o u r  d i f f e r e n t  pos i -  
t i o n s .  

Y Z '  

If t h e  S-I1 s t a g e  is  j e t t i s o n e d ,  c a s e  3 becomes t h e  
c o n f i g u r a t i o n  shown i n  Figure 1 9 ,  wi th  t h e  ATM mounted on a r i n g  
gea r .  Again t h e  o f f s e t  angle  "uecoities a func t ion  of the angle  
of r o t a t i o n  y of t h e  ATM, which i s  shown i n  F igure  20.  There 
are f o u r  va lues  of y which reduce ci t o  4 "  o r  less. Rota t ion  
about  t h e  sun-oriented a x i s  o f  maximum i n e r t i a  would impose no 
more t h a n - a  1% p e n a l t y  on a r r a y  power ou tpu t .  

A s  i n  case 3, i f  t h e  ATM is  permanently r e p o s i t i o n e d  
and t h e  experiment package i s  given t w o  degrees  of  freedom, then  
so la r  o r  s t e l l a r  astronomy would be f e a s i b l e .  

I n  o r d e r  t o  e v a l u a t e  t h e  e f f e c t  o f  p o s s i b l e  changes i n  
t h e  i n e r t i a l  p r o p e r t i e s ,  t h e  mass d i s t r i b u t i o n  of  c a s e  1 w a s  
a i t e r e d  so as t o  produce 2 new value fo r  n of 70°. Using t h i s  
new v a l u e ,  case 6 w a s  analyzed aga in  and t h e  ci vs y r e s u l t s  are 
shown i n  F igure  21 .  The e f f e c t  i s  less q u a l i t a t i v e  than  quan- 
t i t a t i v e  i n  n a t u r e  and t h e  o f f s e t  ang le  a i s  now m o r e  s e n s i t i v e  
t o  p o s i t i o n i n g  of t h e  ATM experiment package, b u t  it i s  s t i l l  
p o s s i b l e  t o  a t t a i n  minimum s o l a r  power loss  f o r  c e r t a i n  va lues  
of y .  
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3.7 C a s e  7 

-17- 

Without making any modi f ica t ions  i n  t h e  p o s i t i o n s  of 
t h e  components, t h e  i n e r t i a l  p r o p e r t i e s  of t h e  assembly can be 
a l t e r e d  by deploying counterweights  on booms. I n  t h i s  a n a l y s i s ,  
t h e  counterweights  are t r e a t e d  as  p o i n t  masses wi th  no i n t r i n s i c  
i n e r t i a l  p r o p e r t i e s .  
r e s p e c t  t o  t h e  assembly's c e n t e r  of  g r a v i t y  a f f e c t  t h e  i n e r t i a l  
p r o p e r t i e s  o f  t h e  e n t i r e  C lus t e r .  The s i z e  of  a s i n g l e  m a s s  i s  
l i m i t e d  t o  a maximum of  20  s l u g s  and t h e  l e n g t h  of  t h e  boom t o  
200 f e e t .  I n  a d d i t i o n ,  t h e  booms should i n t e r s e c t  t h e  s p i n  a x i s  
p e r p e n d i c u l a r l y  so t h a t  t h e  masses w i l l  e x e r t  on ly  t e n s i l e  f o r c e s  
on them. As t h e  optimum o r i e n t a t i o n  of  t h e  s p i n  v e c t o r  would be 
c o i n c i d e n t  w i t h  t h e  body-fixed geometric z -ax i s ,  t h e  p o s i t i o n s  
of t h e  b a l l a s t i n g  masses are restricted t o  p l u s  o r  minus 1 0  feet  
from the c e n t e r  of g r a v i t y  i n  t h e  z -d i r ec t ion .  T h i s  r e s t r i c t i o n  
a s s u r e s  t h a t  t h e  booms can be mounted t o  t h e  Workshop w i t h i n  
i t s  b a s i c  diameter. 

Only the i r  mass and f i x e d  p o s i t i o n  w i t h  

The f i rs t  type  of b a l l a s t  considered i s  composed of 
symmetric p o i n t  masses of 20 s l u g s  each located a t  (K, y ,  Z) 
and (-X,,-y, -3) with  r e s p e c t  t o  t h e  assembly 's  c e n t e r  of g r a v i t y .  
For any p a r t i c u l a r  va lue  of T, t he  va lues  of t h e  o f f s e t  angle  ct 
gene ra t ed  by p o i n t  masses a t  J T ,  form a s u r f a c e  over  t h e  K, 7 
plane .  T h i s  s u r f a c e  has  a "va l l ey"  w i t h  a n e a r l y  c o n s t a n t  va lue  
of minimum a, occur r ing  when the  a x i s  of maximum p r i n c i p a l  m o m e n t  
of  i n e r t i a  l ies  i n  t h e  XZ plane .  The minimum va lue  of t h e  o f f s e t  
ang ie  CY, ( % 5 O ) ,  i s  due t o  t h e  f a c t  that t h e  a x i s  of  iiiiiiirn-wn 
p r i n c i p a l  moment of i n e r t i a  i s  5 O  from t h e  body-fixed geometr ic  
x-axis .  T h i s  i s  caused p r i m a r i l y  by t h e  product  of i n e r t i a  term 

m a s s  of 40 s l u g s  and F = 1 0  f t ,  each mass would have t o  be pos i -  
t i o n e d  a t  Z = k750 f t  i n  order t o  completely cance l  Ixz. T h i s  

minimum of a % S o  i s ,  for  reasonable  boom l e n g t h s ,  an a b s o l u t e  
minimum if t h e  ATM is deployed on t h e  minus z-axis .  The angular  
v e l o c i t y  v e c t o r  cannot  therefore be p e r f e c t l y  a l igned  w i t h  t h e  
z-axis .  

2 
which i s  on t h e  o r d e r  of  3 x l o 5  s l u g  f t  . With a t o t a l  

I X Z '  

The l i n e s  on F igure  22  are t h e  locus  of t h e  m a s s  
l o c a t i o n  p o i n t s  which ,  f o r  d i f f e r e n t  va lues  of T I  g i v e  t h e  
minimum a of approximately 5 O .  I t  i s  apparent  from Figure  22  
t h a t  T = -10 feet  i s  t h e  optimum va lue  fo r  minimum s p a r  length .  
F igu re  23 shows, i n  more d e t a i l ,  t h e  contours  of c o n s t a n t  va lues  
of ct corresponding t o  symmetric p o s i t i o n i n g  of  20 s l u g s  a t  
( J T ,  y ,  -10') and a t  (-F, -PI  10'). - 
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Smaller  masses may be deployed w i t h  s i m i l a r  r e s u l t s  
and F igu re  24 shows t h e  minimum a % 5 O  and a lso a = 6O contours  
f o r  masses of 1 0  and 15 s l u g s  placed symmetr ical ly  a t  (E, 7,  -10') 
and (-Z, -7, 10'). The 20  s l u g  case i s  r epea ted  from F igure  
23. From t h i s  f i g u r e ,  t w o  counterweights  of 644 pounds each 
would r e q u i r e  booms approximately 40 feet  i n  l eng th ,  w h i l e  less 
mass, s a y  483 pounds p e r  counterweight ,  would r e q u i r e  booms 
about 50 feet  long,  and t w o  322 pound counterweights would need 
70 foo t  booms. 

B a l l a s t i n g  wi th  non-symmetric p o s i t i o n s  (T, y ,  -10') 
and (K, - y ,  1 0 ' )  of t h e  20 s l u g  masses w a s  also considered.  A s  
shown i n  F igure  25, t h e  s u r f a c e  of va lues  of  a i s  of q u i t e  
d i f f e r e n t  shape than  t h a t  of Figure 23, though t h e  va lues  for  
x = 0 are i d e n t i c a l .  The minimum boom l e n g t h  f o r  t h i s  non- 
symmetric deployment always occurs when 'Tt = 0.  With symmetric 
deployment, however, shorter boom l e n g t h s  are poss ib l e .  T h i s  i s  
e v i d e n t  f r o m  F igu re  24 w i t h  E given a s m a l l  nega t ive  va lue  f o r  
1 0  s l u g  masses. 

- 

I t  appears  t h a t  deployment of  ba l l a s t  masses i s  a 
p o s s i b l e  way t o  reduce a, b u t  t h e  problems o f  p r e c i s e  deployment 
and t h e  s t i f f n e s s  of t h e  deployment booms must be cons idered  i n  
more d e t a i l .  

4 . 0  DISCUSSION 

I t  i s  apparent  t h a t  t h e  vehicle dynamical behavior i s  
h igh ly  dependent upon t h e  o f f s e t  angle  a, def ined  a s  t h e  angle  
between t h e  geometr ic ,  body-fixed z-ax is  and t h e  a x i s  of  maximum 
p r i n c i p a l  moment of i n e r t i a .  The angle  a must be smal l  t o  permi t  
t h e  u s e  of t h e  s o l a r  a r r a y s  for  e l e c t r i c a l  power. The conf igura-  
t i o n s  w i t h  t h e  ATM opt imal ly  pos i t i oned  (cases 5 and 6) and 
w i t h  ba l las t  on deployable  booms (case 7 )  reduce a t o  an accept -  
able va lue .  

Permanent r e p o s i t i o n i n g  of t h e  ATM a t  a p o s i t i o n  t h a t  
g i v e s  minimum a might seem a t  f irst  t o  be appeal ing.  H o w e v e r ,  
o ther  f a c t o r s  must be considered, primarily; the r e q u i r e d  chanqes 
i n  t h e  ATM t o  m e e t  t h e  astronomy o b j e c t i v e s .  Also t h e  o r i e n t a t i o n  
of t h e  a x i s  of maximum p r i n c i p a l  moment of i n e r t i a  cannot  be 
p r e c i s e l y  p r e d i c t e d  before  launch. F u r t h e r ,  dur ing  t h e  miss ion ,  
leakage, use  of consumables, d i s p o s a l  of w a s t e ,  e tc . ,  w i l l  be 
changing t h e  m a s s  and i n e r t i a  p r o p e r t i e s  of t h e  veh ic l e .  However, 
r o t a t i o n  of t h e  p o s i t i o n  of the  ATM about t h e  geometr ic  x-axis  
has  a great  d e a l  of c o n t r o l  over a. T h e  c o n f i g u r a t i o n  i n  case 6 
where t h e  ATM solar  a r r a y s  are inco rpora t ed  i n  t h e  Workshop s o l a r  
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a r r a y s  and t h e  ATM body i s  mounted on a r i n g  g e a r  would appear  
t o  be t h e  m o s t  v e r s a t i l e  of a l l  considered.  I t  has  t h e  capa- 
b i l i t y  of  minimizing t h e  e f f e c t s  o f  t h e  i nde te rmina te  changes 
i n  mass o r  i n e r t i a  p r o p e r t i e s  by i n - f l i g h t  change i n  t h e  pos i -  
t i o n  of t h e  ATM. The r i n g  gea r  could a l s o  provide  one of t h e  
two degrees  of freedom of t h e  ATM, r e l a t i v e  t o  t h e  Workshop, 
t h a t  are needed f o r  s t e l l a r  astronomy. 

Factors which w e r e  n o t  cons idered  i n  t h i s  i n v e s t i g a t i o n  
b u t  which are f e l t  t o  be of  importance and r e q u i r e  f u r t h e r  
s tudy  f o r  t h e  a r t i f i c i a l  g r a v i t y  experiment i nc lude  t h e  follow- 
i n g  : 

1. 

2. 

3 .  

4 .  

5. 

Prov i s ion  of an i n t e r n a l ,  p a s s i v e  damping system i n  
order to: 

a )  reduce t h e  wobble ( o s c i l l a t o r y  motion) of t h e  s p i n  
a x i s  dur ing  spin-up 

b )  a l i g n  t h e  angular  v e i o c i t y  and angular  momentum 
v e c t o r s  w i t h  t h e  a x i s  of maximum p r i n c i p a l  moment 
of i n e r t i a  

c)  reduce t h e  effects of p e r t u r b a t i o n s  due t o  c r e w  
motion, changes i n  mass and i n e r t i a  p r o p e r t i e s ,  
e x t e r n a l  i n f l u e n c e s ,  e tc .  

An a n a l y s i s  of  t h e  i n t e r n a l  d i s s i p a t i o n  of energy due 
t o  t h e  h y s t e r e s i s  e f f e c t  of t h e  o s c i l l a t o r y  loads  as 
an a i d  t o  l a ,  b ,  c. 

A thorough i n v e s t i g a t i o n  of t h e  e x t e r n a l  i n f l u e n c e s  of 

a )  g r a v i t y  g r a d i e n t  to rques  

b)  aerodynamic torques  

The e las t ic  response of some of t h e  components t o  
s t r u c t u r a l  l oads  induced by t h e  dynamic behavior .  

An a t t i t u d e  c o n t r o l  s y s t e m  t h a t  w i l l  main ta in  a c o n s t a n t  
angu la r  v e l o c i t y  about t h e  sun - l ine  d e s p i t e  

a )  e x t e r n a l  t o rques  

b)  changes i n  m a s s  and i n e r t i a  p r o p e r t i e s  

c )  an approximate one degree  p e r  day r o t a t i o n  of  t h e  
sun - l ine  dur ing  the  30-day a r t i f i c i a l  g r a v i t y  
experiment.  
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APPENDIX 

Torque-free Ro ta t iona l  Motion of a Rigid Body * 
The equat ion  of motion of a r i g i d  body r o t a t i n g  about 

i t s  c e n t e r  of g r a v i t y  i n  body-fixed coord ina te s  i s  

(A-1)  

where 

axes of 
i n e r t i a  
moments 

I = t h e  i n e r t i a  t enso r  

- w = t h e  angular  v e l o c i t y  v e c t o r  

( * )  = t h e  d e r i v a t i v e  w i t h  r e s p e c t  t o  t i m e  

W e  may choose t h e  body-fixed coord ina te  axes t o  be t h e  
p r i n c i p a l  moments of i n e r t i a  (I1, 12, and 13) so t h e  

t e n s o r  i s  d iagonal .  W e  can f u r t h e r  l a b e l  t h e  p r i n c i p a l  
of i n e r t i a  such t h a t  I 1 1  1 2  1 1 3 '  

Equation (A-1) can then be w r i t t e n  i n  s c a l a r  f o r m  as 

( A - 2 a )  

I i = (I1 - 12) w1w2 3 3  ( A - 2 ~ )  

and w 3  are t h e  components of  angular  v e l o c i t y  about  w2 where w l ,  

a l l  d i s t i n c t )  t o  undergo s t eady  r o t a t i o n  about  an a x i s ,  - w z 0 
and equa t ions  (A-2)  become 

t h e  p r i n c i p a l  axes.  In crder fcr a nsii-syiiii-tetric Dody (I1, I21 I3 

w1w2 = w 2 w 3  = u p 3  = 0 (A-3)  

*This a n a l y s i s  i s  included f o r  t h e  sake  of completeness. 
S i m i l a r  d e r i v a t i o n s  are l i s t e d  i n  t h e  Appendix b ib l iography.  

\ 
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A n o n - t r i v i a l  s o l u t i o n  e x i s t s  i f  one and on ly  one 
component of angular  v e l o c i t y  i s  non-zero. Thus, s t e a d y  rota- 
t i o n a l  motion about  an a x i s  i s  p o s s i b l e  only i f  it i s  a p r i n c i p a l  
a x i s .  

I n  order t o  s o l v e  equat ions  (A-2 )  f o r  g e n e r a l  (non- 
s t e a d y )  r o t a t i o n a l  motion w e  now w r i t e  express ions  f o r  t w i c e  
t h e  k i n e t i c  energy T and t h e  square of t h e  magnitude of t h e  
angu la r  momentum v e c t o r  H. 

2T = I w 2 + 1 2 w 2  2 + 1 3 w 3  2 (A-4)  1 1  

(A-5) 

Both T and H remain cons t an t  during torque- f ree  motion i f  there 
i s  no i n t e r n a l  energy d i s s i p a t i o n .  From (A-4)  and (A-5)  w e  can 
w r i t e  exp res s ions  fo r  w1 and w i n  t e r m s  of w2,  3 

(A-6a) w1 2 = c1 - c2w2 2 

where  

2 w32 = c3 - c4w2 

2 (21-T-H ) 

(211T-H 2 ) 
- 

I -I I 3 (  1 3 )  c3 - 

(A-6b)  

(A-7a )  

(A-7b) 

( A - 7 ~ )  

(A-7d) 
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Squaring both sides of ( A - 2 b )  and substituting ( A - 6 ) ,  
we have 

( A - 8 )  

With the proper transformations, equation ( A - 8 )  can be written 
in the form 

(A-9)  

w 2  where y = - , x = pt, and b and p are chosen such that 

0 < k < 1. The parameters b, p, and k are functions of 
11, 12, 13, T and H. Equation (A-9)  can be integrated to give 

This is the form of an elliptic integral that has a 
periodic solution called the Jacobian elliptic function 

y = sn(x) , sn(0) = 0 

with a period of 4K, where 

( A - 1 0 )  

( A - 1 1 )  

( A - 1 2 )  
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W e  may d e f i n e  o t h e r  e l l i p t i c  func t ions  as 

~~~ ~ 

dn(x )  = v l  - k2sn2 (x)  (A-13b) 

The s i m i l a r i t y  between t h e  e l l i p t i c  func t ions  s n  (x )  and 
cn (x)  and t h e  c i r c u l a r  ( t r i gonomet r i c )  func t ions  s i n  (x )  and cos (x )  
can be seen by al lowing k t o  go t o  zero.  Equation ( A - 9 )  t hen  
becomes 

wi th  t h e  s o l u t i o n  

y = s i n ( x )  , s i n ( 0 )  = 0 

( A - 1 4 )  

(A-15) 

and t h e  fol lowing r e l a t i o n s  hold: 

= c o s ( x )  k=O 

= 1  k=O 

(A-16b) 

( A - 1 6 ~ )  

Using t h e s e  e l l i p t i c  func t ions ,  t h e  s o l u t i o n  t o  equat ion  

From (A-4)  and ( A - 5 ) ,  it fol lows t h a t  211T-H2 > 0 and 

(A-8) may be determined. 

213T-H2 < 0.  

t h e  s i g n  of  t h e  t e r m  H -212T. 

The components of angu la r  v e l o c i t y  depend upon 
2 I f  t h i s  t e r m  i s  p o s i t i v e ,  
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w1 = a ldn (p t )  

w 2  = a 2 s n ( p t )  

w 3  = a 3 c n ( p t )  

where 

(A- 1 7 a 1 

(A-17b) 

(A- 1 7 ~ )  

(A-18aIb,c) 

k2 = (12-13) ( 2 T I 1 - H 2 ) / ( I I - I 2 )  ( H 2 - 2 ~ ~ 3 )  ( A - 1 8 e )  

If t h e  term H2-212T i s  nega t ive ,  

w1 = a l c n ( p t )  

w 2  = a 2 s n ( p t )  

w 3  = a 3 d n ( p t )  

( A - 1 9 a )  

( A - 1 9 b )  

(A- 1 9  C )  

where 

For f u r t h e r  d e t a i l s  on t h e  mathematics of  Jacobian 
E l l i p t i c  Funct ion,  see sec t ions  13 .1  and 1 4 . 1  of  Synge and G r i f f i t h ,  
" P r i n c i p l e s  of  Mechanics , M c G r a w - H i l l ,  1959 .  I 

I 



I '  

BELLCOMM. INC A- 6 

I f  t h e r e  i s  any energy-absorbing mechanism i n  t h e  body, 
such as v iscous  damping o r  s t r u c t u r a l  h y s t e r e s i s ,  t hen  t h e  
p e r i o d i c  s o l u t i o n s  g iven  by equat ions  (A-17) o r  (A-19) w i l l  
e v e n t u a l l y  be damped o u t  and t h e  motion w i l l  b e  s t e a d y  ( w = O ) .  
As shown above, t h i s  imp l i e s  t h a t  t h e  angu la r  v e l o c i t y  v e c t o r  l i e s  
on an a x i s  of  p r i n c i p a l  moment of i n e r t i a .  Because of t h e  energy- 
absorb ing  mechanism, t h e  f i n a l  s t a b l e  motion w i l l  be s t e a d y  
r o t a t i o n  about  t h a t  p r i n c i p a l  a x i s  which makes t h e  k i n e t i c  energy 
a minimum. The angu la r  momentum, however, w i l l  remain c o n s t a n t  
as t h e r e  are no e x t e r n a l  moments appl ied .  

a x i s  
The k i n e t i c  energy T for  r o t a t i o n  about  a p r i n c i p a l  

i x2 with  an angu la r  v e l o c i t y  w i s ,  by equa t ion  (A-4), 
I 

2 
T = I w  / 2  i i  (A-21) 

and ,he magni-ude of  angular  momentum H & s ,  by equat ion  (A-51, 

H = I w  i i  (A-22) 

t h u s  t h e  k i n e t i c  energy can be r e w r i t t e n  as 

2 
T = H / 2 1 i  (A-23) 

and, as t h e  angu la r  momentum remains c o n s t a n t ,  s t eady  r o t a t i o n  
about  t h e  ax is  of maximum p r i n c i p a l  moment o f  i n e r t i a  has  t h e  
minimum k i n e t i c  energy. 
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